Abstract. We show that the converse to the main theorem of Ergodic transformations conjugate to their inverses by involutions, by Goodson et al. (Ergodic Theory and Dynamical Systems 16 (1996), 97-124), holds in the unitary category. Specifically it is shown that if U is a unitary operator defined on an L 2 space which preserves real valued functions, and if U −1 S = SU implies S 2 = I whenever S is another such operator, then U has simple spectrum. The corresponding result for measure preserving transformations is shown to be false. The counter-example we have involves Gaussian automorphisms. We show that a Gaussian automorphism is always conjugate to its inverse, so that the Inverse-Conjugacy Theorem is applicable to such maps having simple spectrum. Furthermore, there are Gaussian automorphisms having non-simple spectrum for which every conjugation of T with T −1 is an involution. §0. Introduction Let U : H → H be a unitary operator defined on a separable Hilbert space H. U is said to have simple spectrum if there exists an h ∈ H for which Z(h) = H, where Z(h) is the closed linear span of the set {U n h : n ∈ Z}. We are mainly interested in the case where the Hilbert space is a function space. Let (X, F , µ) denote a standard Borel probability space, and let T : X → X be an invertible measure preserving transformation (automorphism). To say that the automorphism T has simple spectrum means that the unitary operator
§0. Introduction
Let U : H → H be a unitary operator defined on a separable Hilbert space H. U is said to have simple spectrum if there exists an h ∈ H for which Z(h) = H, where Z(h) is the closed linear span of the set {U n h : n ∈ Z}. We are mainly interested in the case where the Hilbert space is a function space. Let (X, F , µ) denote a standard Borel probability space, and let T : X → X be an invertible measure preserving transformation (automorphism). To say that the automorphism T has simple spectrum means that the unitary operator U T : L 2 (X, µ) → L 2 (X, µ), U T f (x) = f (T x), induced by T , has simple spectrum. It is known that if T has simple spectrum, then T is ergodic, and that unitary operators preserving real valued functions are conjugate to their inverses.
The following theorem and corollary were given in [2] (see also [3] and [4] for related results). We use I to denote both the identity operator, and the identity automorphism. 
Inverse Conjugacy Theorem. Let
Our aim is to show that the converse of the Inverse Conjugacy Theorem is also true, but that the converse of the corollary is false. This tells us that in some sense the unitary centralizer of an operator is big enough to distinguish operators which have simple spectrum, while the measure theoretic centralizer is not. This is analogous to the well known result that the unitary centralizer of U is abelian if and only if U has simple spectrum, while the measure-theoretic centralizer of an automorphism T may be abelian even when T has non-simple spectrum (see [3] ). Specifically we prove:
unitary operator preserving real valued function for which
whenever S is a unitary operator preserving real valued functions. Then U has simple spectrum.
Our counter-example to the converse of the corollary is obtained by investigating the spectral properties of Gaussian automorphisms. It is shown that a Gaussian automorphism is conjugate to its inverse (see also [5] for a different proof of this) and we deduce conditions under which any conjugation between a Gaussian automorphism and its inverse is an involution. Then we show that some Gaussian automorphisms having infinite maximal spectral multiplicity have this property, giving us the desired counter-examples.
I would like to thank Mariusz Lemańczyk and the referee for some useful comments. §1. Preliminaries Let U : H → H be a unitary operator defined on a separable Hilbert space H, and having simple spectrum. Suppose h ∈ H satisfies Z(h) = H; then there exists a finite Borel measure σ h (called the spectral type of h), defined on the unit circle S 1 in the complex plane for which
and such that U is unitarily equivalent to V :
In addition, there is a natural unitary equivalence
In the case where U : H → H does not necessarily have simple spectrum, there is a way of representing H as a direct sum of cyclic subspaces: Let A n denote the subspace of those elements of H whose spectral types have uniform multiplicity n, n ∈ Z + , so that A n may be trivial. Also denote by A ∞ those elements with uniformly infinite multiplicity. Each A n , 1 ≤ n ≤ ∞, is a U -invariant subspace, and if non-trivial may be decomposed into the direct sum of n cyclic subspaces generated by elements [6] ).
The spectral properties of an automorphism T : X → X are those of the induced unitary operator U T :
properties of unitary operators equivalent to their inverses
In this section we prove Theorem 1. Let U : H → H be a unitary operator defined on a separable Hilbert space H. Denote by σ h the maximal spectral type of U . σ h is a Borel measure defined on the unit circle S 1 in the complex plane, which we assume is symmetric, i.e., σ h (A) = σ h (A) for each Borel set A ⊆ S 1 (where A indicates that we have taken the complex conjugate of each element of A). This condition is sufficient to ensure that U is unitarily equivalent to its inverse. A unitary operator U :
preserving real valued functions always has this property (see [2] ). 
Lemma 1. Let U : H → H be a unitary operator and suppose that H
where each h i has the same spectral type σ n , which is symmetric. Now U |Z(h i ) is unitarily equivalent to the operator V n :
It will suffice to prove the lemma for the operator V n .
Then S n is a unitary operator since the measure σ n is symmetric. Also
n , and clearly S 2 n = I.
(ii) If U has non-simple spectrum, then some A m , 2 ≤ m ≤ ∞, will be nontrivial, and hence there are j, k ∈ Z + , j = k, such that
where Z(h j ) and Z(h k ) are cyclic subspaces contained in A m . We define S : H → H in the following way. For each n, 1 ≤ n ≤ ∞, n = m, define S on the n cyclic subspace making up A n as in (i) above. Then we see that S 2 |A n = I for n = m. Define S in the same way on the other cyclic subspaces of
It is now easy to check that S
, we see that we have a unitary operator S defined on this subspace, which when combined with the way S is defined on the other subspaces, gives the required result.
Remarks. Now suppose that H = L
2 (X, µ) and that U : H → H preserves real valued functions. Let f ∈ H, where σ f denotes its spectral measure, i.e., the unique Borel measure on S 1 satisfying
Since U preserves real valued functions, it also preserves complex conjugation, i.e., U f = U f for all f ∈ H. It follows that
This means that σ f is a measure on the circle which is the image of σ f via the map z → z. If f realizes the maximal spectral type of U , then σ f σ f and consequently σ f has to have the type of a symmetric measure. So, if we select f in such a way that σ f is a symmetric measure (such an f does exist), then in particular we have σ f (n) = S 1 z n dσ f (z) ∈ R, ∀n ∈ Z. Finally, we point out that it was shown in [2] that the maximal spectral type σ h can be chosen in such a way that h is a real valued function.
We now apply Lemma 1 to the case we are dealing with. First, notice that the maximal spectral type of U is symmetric. It is easy to see that each measure in the spectral decomposition is symmetric, so the Lemma is applicable. To prove Theorem 1, it suffices to show that S can be chosen so as to preserve real valued functions. The proof which now follows, uses ideas and notation introduced in [2] .
Let us write H R = L 2 R (X, µ), the real valued functions in H; then for each f ∈ H R , U f = U f = U f, since U (H R ) = H R . Suppose that h ∈ H R realizes the maximal spectral type of U ; then we can write
where σ h is a symmetric measure. Now let
, the following was proved in [2] .
Lemma 2. (i)H is a subspace over R, which is closed and V -invariant. (ii)H is the closure of
≤ n ≤ ∞, may be chosen to be real, so that the corresponding measures σ n are symmetric.
For each i = 1, 2, . . . , there is a natural unitary equivalence
Suppose that U has non-simple spectrum, and define an equivalenceS in the following way using the idea of Lemma 1(ii):
We may assume that there exists m such that A m is non-trivial. Using the natural unitary equivalence there are k, j ∈ Z + , j = k, and σ h
When i = m, S is defined in the same way except that we define S to be
• S and that S 2 = I. To complete the proof it suffices to show thatH is S-invariant, wherẽ
This is clear, for if
A similar argument works when n = m. Now, if we map S back to H, i.e., putS = Θ −1 • S • Θ, then H R isS-invariant andS 2 = I. The theorem now follows. §3. Gaussian automorphisms Let T : X → X be an ergodic automorphism on a standard Borel probability space (X, F , µ). We examine the case of Gaussian automorphisms, showing that such an automorphism is always conjugate to its inverse (see also [5] ). It follows that the corollary to the Inverse Conjugacy Theorem is applicable when such an automorphism has simple spectrum. We shall see that this analysis also applies to certain Gaussian automorphisms having infinite spectral multiplicity. We will need some basic information from the theory of Gaussian automorphisms, which can be found in Cornfeld-Fomin-Sinai [1, Chapters 8 and 14]. First, we give a result from [2] which is needed.
Definition. Let A ⊆ L 2 R (X, µ) be a non-empty family. We say that A generates the σ-algebra F if the smallest σ-algebra containing all sets {a −1 (C) : C ⊆ R Borel, a ∈ A} is equal to F .
